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Gradient elastic ﬂexural Kirchhoff plates under static loading are considered. Their governing equation of
equilibrium in terms of their lateral deﬂection is a sixth order partial differential equation instead of the
fourth order one for the classical case. A variational formulation of the problem is established with the aid
of the principle of virtual work and used to determine all possible boundary conditions, classical and non-
classical ones. Two circular gradient elastic plates, clamped or simply supported at their boundaries, are
analyzed analytically and the gradient effect on their static response is assessed in detail. A rectangular
gradient elastic plate, simply supported at its boundaries, is also analyzed analytically and its rationally
obtained boundary conditions are compared with the heuristically obtained ones in a previous publica-
tion of the authors. Finally, a plate with two opposite sides clamped experiencing cylindrical bending is
also analyzed and its response compared against that for the cases of micropolar and couple-stress elas-
ticity theories.
 2010 Elsevier Ltd. All rights reserved.1. Introduction lin’s (1964) general theory of strain gradient elasticity is employed.Structural components or structures, such as bars, beams, plates
or shells with extremely small overall dimensions ﬁnd applications
in modern microelectromechanical (MEMS) or nanoelectrome-
chanical (NEMS) systems. The dimensions of these structures are
comparable to the internal length scale of their material and thus,
their mechanical behavior is affected by their material microstruc-
ture. When microstructural effects such as, the non-locality of
stress and the existence of an internal length scale, are important,
the classical theory of linear elasticity, characterized by locality of
stress and absence of an internal length scale, cannot adequately
describe the mechanical behavior.
For the above-mentioned types of structures, use should be
made of generalized or higher-order theories of linear elasticity,
which can take into account microstructural effects,such as those
of strain gradient (Mindlin, 1964), couple-stress (Toupin, 1962;
Koiter, 1964) and micropolar (Eringen, 1966) elasticity theories.
A review on these higher-order theories of linear elasticity can
be found, e.g., in Tiersten and Bleustein (1974) and Vardoulakis
and Sulem (1995). In this work, a simple version of form II of Mind-ll rights reserved.
ineering, University of Patras,
).This simple gradient elasticity theory involves only one elastic con-
stant, the gradient coefﬁcient with dimensions of length, in addi-
tion to the two classical elastic moduli.
This simple gradient elastic theory has been used in the past to
solve a variety of practical engineering problems. Considering only
analytic works dealing with the static analysis of gradient elastic
bars, beams, plates and shells, one can mention here those of Altan
et al. (1996), Aifantis (1999), Tsepoura et al. (2002), Papargyri-Bes-
kou et al. (2003), Giannakopoulos et al. (2006), Giannakopoulos
and Stamoulis (2007), Vardoulakis and Giannakopoulos (2006),
Lazopoulos (2004) and Papargyri-Beskou and Beskos (2008, 2009,
in press). It was shown in all these works that the effect of the
material microstructure consists of stiffening the structure and
resulting in smaller deﬂections and larger buckling loads than in
classical elasticity case, which clearly justiﬁes the use of gradient
elasticity in MEMS and NEMS applications.
For reasons of completeness, one can mention here additional
analytic works on static analysis of bars and beams based on re-
lated higher-order elasticity theories, such as couple-stress based
(Yang et al., 2002; Lam et al., 2003; Park and Gao, 2006), non-local
elasticity (Pisano and Fuschi, 2003; Reddy, 2007;Wang et al., 2008)
and other generalized elasticity (Lakes, 1995) theories. As far as
static analysis of ﬂexural plates is concerned, one can mention
those based on couple-stress (Hoffman, 1964; Ellis and Smith,
1967) and the micropolar elasticity (Eringen, 1967; Ariman,
1968; Ariman, 1968) theories.
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plates to static loading is studied analytically. A variational func-
tional is constructed and used to determine all possible boundary
conditions, classical and non-classical. The method of using varia-
tional principles to rationally determine all possible boundary con-
ditions, in the framework of gradient elastic structural components
under static load, was ﬁrst employed by Tsepoura et al. (2002) and
Papargyri-Beskou et al. (2003) in connection with bars and beams,
respectively. Here it is extended to the case of ﬂexural plates. Two
circular gradient elastic plates, ﬁxed or simply supported all around,
are analyzed analytically and the gradient effect on their static re-
sponse is assessed. A rectangular gradient elastic plate, simply sup-
ported on all its sides is also analyzed under static loading and its
rationally obtained boundary conditions are compared with the
heuristically obtained ones in Papargyri-Beskou and Beskos
(2008). Thus, while the work in Papargyri-Beskou and Beskos
(2008) on gradient elastic ﬂexural plates is restricted only to rectan-
gular simply supported all around ones for which non-classical
boundary conditions can be easily assumed, the presentwork,which
establishes a variational principle providing all possible boundary
conditions, shows that additional cases of plate geometry and
boundary conditions can be easily handled in a rational manner.
2. Basic and governing equations of gradient elastic plates
This section summarizes the results of Papargyri-Beskou and
Beskos (2008) concerning the basic and governing equations of
gradient elastic ﬂexural Kirchhoff plates for reasons of complete-
ness and creation of an easy reference basis.
Consider a ﬂat thin plate of constant thickness h, which is geo-
metrically described by its middle surface A in the (x ,y) plane and
its perimeter (boundary) S, as shown in Fig. 1. The plate experi-
ences a lateral deﬂectionw = w(x,y) along the z-axis due to a lateral
static load q = q(x ,y) distributed on its upper ﬂat surface. On the
basis of Kirchhoff’s theory of ﬂexural plates (Timoshenko and Woi-
nowsky-Krieger, 1959), one can write down the strain–displace-
ment relations
exx ¼ z @
2w
@x2
; eyy ¼ z @
2w
@y2
; cxy ¼ 2exy ¼ 2z
@2w
@x@y
ð1Þ
the equilibrium equations
@2Mx
@x2
þ @
2My
@y2
 2 @
2Mxy
@x@y
þ q ¼ 0
Qx ¼
@Mx
@x
þ @Myx
@y
; Qy ¼
@My
@y
 @Mxy
@x
ð2Þ
and the moment–stress relations
Mx ¼
Z h=2
h=2
rxxzdz; My ¼
Z h=2
h=2
ryyzdz;
Mxy ¼ Myx ¼ 
Z h=2
h=2
rxyzdz ð3ÞFig. 1. Geometry and loading of a ﬂexural plate.where the positive normal ðrxx;ryyÞ and shearing (rxy) stresses, the
bending moments (Mx,My), twisting moments ðMxy;MyxÞ and the
shear forces (Qx,Qy) are as shown in Fig. 2.
The simplest possible version of Mindlin’s (1964) theory of
strain gradient elasticity is that with just only one elastic constant
in addition to the two classical elastic moduli. Under conditions of
plane stress, one can write down the following stress–strain equa-
tions for gradient elasticity (Papargyri-Beskou and Beskos, 2008)
rxx ¼ E1 m2 ðexx þ meyyÞ  g
2 E
1 m2r
2ðexx þ meyyÞ
¼ ð1 g2r2Þ E
1 m2 ðexx þ meyyÞ ¼ ð1 g
2r2Þrxx
ryy ¼ E1 m2 ðeyy þ mexxÞ  g
2 E
1 m2r
2ðeyy þ mexxÞ
¼ ð1 g2r2Þ E
1 m2 ðeyy þ mexxÞ ¼ ð1 g
2r2Þryy ð4Þ
rxy ¼ E1þ m exy  g
2 E
1þ mr
2exy ¼ ð1 g2r2Þ E1þ m exy
¼ ð1 g2r2Þrxy
where E and m are the modulus of elasticity and Poisson’s ratio,
respectively, g is the coefﬁcient of gradient elasticity with dimen-
sions of length which expresses macroscopically the microstruc-
tural effects and r2 = @2/ ox2 + @2/@y2 is the Laplacian operator.
Here and in the following, overbars denote classical quantities,
i.e., quantities corresponding to g = 0.
Introduction of Eq. (1) into Eq. (4) and the resulting expressions
into Eq. (3), leads to the moment–displacement relations
Mx ¼ D @
2w
@x2
þ m @
2w
@y2
 !
þ g2D @
4w
@x4
þ m @
4w
@y4
þ ð1þ mÞ @
4w
@x2@y2
" #
¼ ð1 g2r2ÞMx
My ¼ D @
2w
@y2
þ m @
2w
@x2
 !
þ g2D @
4w
@y4
þ m @
4w
@x4
þ ð1þ mÞ @
4w
@x2@y2
" #
¼ ð1 g2r2ÞMy ð5Þ
Mxy ¼ Myx ¼ Dð1 mÞ @
2w
@x@y
 g2Dð1 mÞ @
4w
@x3@y
þ @
4w
@y3@x
 !
¼ ð1 g2r2ÞMxy
where the ﬂexural rigidity D of the plate is given by
D ¼ Eh3=12ð1 m2Þ ð6Þ
Thus, ﬁnally, introduction of Eq. (5) into Eq. (2)1, leads to the gov-
erning equation of equilibrium of the gradient elastic ﬂexural plate
in the form
Dr4w g2Dr6w ¼ q ð7Þ
where r4w and r6w are given explicitly by
r4w ¼ @
4w
@x4
þ @
4w
@y4
þ 2 @
4w
@x2@y2
r6w ¼ @
6w
@x6
þ @
6w
@y6
þ 3 @
6w
@x4@y2
þ 3 @
6w
@x2@y4
ð8Þ
One can observe that Eq. (7) for g = 0 reduces to the governing
equation of equilibrium for the classical ﬂexural plate and that
the presence of microstructural effects raises the order of the dif-
ferential equation of equilibrium from four (classical elastic case)
to six (gradient elastic case). This implies that in addition to the
classical boundary conditions, non-classical boundary conditions
have also to be satisﬁed for a well-posed boundary value problem
of gradient elastic plates. One can ﬁnd all possible boundary condi-
tions (classical and non-classical) for gradient elastic ﬂexural
Fig. 2. Stresses (a) and resultant forces and moments (b) at an element of a plate.
Fig. 3. Coordinate systems (x,y) and (s,n) at the plate boundary S.
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axial bars and ﬂexural beams (Tsepoura et al., 2002; Papargyri-Bes-
kou et al., 2003). This is the subject of the next three sections.
3. Variational formulation for the classical elastic plate
The variational formulation for the gradient elastic plate prob-
lem will be obtained as a superposition of its classical elastic and
purely gradient elastic parts because of the linearity of that prob-
lem. The ﬁrst part will be treated here, while the second one and
the superposition in the next two sections.
The variational formulation of the classical elastic part of the
problem can be found in detail in the classical book of Timoshenko
and Woinowsky-Krieger (1959). Only a brief outline of this formu-
lation together with its main results will be presented here for rea-
sons of completeness.
Consider the internal elastic energy of a classical elastic plate
deﬁned as
U ¼ 1
2
Z Z Z
V
rxxexx þ ryyeyy þ 2rxyexy
 
dxdydz ð9Þ
where overbars indicate classical elastic plate quantities and V is
the volume of the plate. Substitution of the stresses in Eq. (9) by
their expressions in terms of strains (Eq. (4) with g = 0) results in
an expression exclusively in terms of strains. The strains are then
replaced by their expressions in terms of the derivatives of the plate
deﬂection w (Eq. (1)). Finally, an integration with respect to z be-
tween the limits of h/2 and h/2 is done and Eq. (9) takes the form
U ¼ 1
2
D
Z Z
A
@2w
@x2
 !2
þ @
2w
@y2
 !2
þ 2 @
2w
@x@y
 !224
þ2m @
2w
@x2
@2w
@y2
 @
2w
@x@y
 !20@
1
A
3
5dxdy ð10Þ
For a variation dw (virtual displacement) of the deﬂectionw one has
a variation of the internal energy dU of the plate, which after a num-
ber of transformations described in detail in Timoshenko and Woi-
nowsky-Krieger (1959), takes the form
dU ¼ D
Z Z
A
r4wdwdxdyþ D
Z
S
@2w
@x2
þ m @
2w
@y2
 !
cos2 a
"
þ @
2w
@y2
þ m @
2w
@x2
 !
sin2 aþ 2ð1 mÞ @
2w
@x@y
sina cosa
#
@dw
@n
ds
þ D
Z
S
@3w
@x3
þ @
3w
@x@y2
 !
cosa @
3w
@y3
þ @
3w
@y@x2
 !
sina
"
þ 1 mð Þ @
@s
@2w
@x2
 @
2w
@y2
 !
sina cosa
 
þ @
2w
@x@y
sin2 a cos2 a
 !#
dwds ð11Þwhere n and s are the normal and tangential, respectively, coordi-
nates at any boundary point related to the x and y coordinates
through the angle a, as shown in Fig. 3.
The variation of the work done by the external forces during the
assumed virtual displacement dw is given by the expression (Tim-
oshenko and Woinowsky-Krieger, 1959)
dW ¼
Z Z
A
qdwdxdy
Z
S
Mn
@dw
@n
dsþ
Z
S
Vndwds ð12Þ
where the normal at the boundary bending moment Mn and total
shear force Vn are given by the expressions
Mn ¼ Mx cos2 aþMy sin2 a 2Mxy sina cosa
Vn ¼ Qn  @Mns
@s
; Qn ¼ Qx cosaþ Qy sina
Mns ¼ Mxyðcos2 a sin2 aÞ þ ðMx MyÞ sina cosa
ð13Þ
According to the principle of virtual work, equilibrium is satis-
ﬁed when
dU ¼ dW or dU  dW ¼ 0 ð14Þ
Substituting dU and dW by their expressions (11) and (12) in Eq.
(14) and taking into account that Eq. (14) holds true for any values
of dw and odw/@n as long as they are compatible with the con-
straints (boundary conditions) of the problem, one concludes that
Eq. (14) is satisﬁed if the following equations are satisﬁed:Z Z
A
ðDr4w qÞdwdxdy ¼ 0 ð15Þ
Z
S
D
@2w
@x2
þ m @
2w
@y2
 !
cos2 aþ @
2w
@y2
þ m @
2w
@x2
 !
sin2 a
"(
þ2ð1 mÞ @
2w
@x@y
sina cosa
#
þMn
)
@dw
@n
ds ¼ 0 ð16Þ
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S
D  @
3w
@x3
þ @
3w
@x@y2
 !
cosa @
3w
@y3
þ @
3w
@y@x2
 !
sina
"(
þð1 mÞ @
@s
@2w
@x2
 @
2w
@y2
 !
sina cosaþ @
2w
@x@y
ðsin2 a cos2 aÞ
 !#
Vn

dwds ¼ 0 ð17ÞEq. (15) reduces to the governing equation of equilibrium (Eq. (7)
with g = 0), while Eqs. (16) and (17) provide all possible boundary
conditions of the classical elastic plate problem.4. Variational formulation for the purely gradient elastic plate
Consider the internal elastic energy of the purely gradient elas-
tic plate deﬁned as (Koiter, 1964)
Ug ¼ 1
2
g2
Z Z Z
V
@rxx
@x
@exx
@x
þ 2 @rxy
@x
@exy
@x
þ @ryy
@x
@eyy
@x
 	
þ @rxx
@y
@exx
@y
þ 2 @rxy
@y
@exy
@y
þ @ryy
@y
@eyy
@y
 

dxdydz ð18Þ
Substitution of the stresses in Eq. (18) by their expressions in terms
of strains (Eq. (4) with g = 0) results in an expression exclusively in
terms of strains. The strains are then replaced by their expressions
in terms of the derivatives of the plate deﬂection w (Eq. (1)). Finally,
an integration with respect to z between the limits h/2 and h/2 is
done and the purely gradient part of the internal elastic energy of
Eq. (18) takes the form
Ug ¼ 1
2
g2D
Z Z
A
@3w
@x3
 !2
þ @
3w
@y3
 !2
þ 3 @
3w
@x@y2
 !2
þ @
3w
@y@x2
 !224
3
5
8<
:
þ2m @
3w
@x@y2
@3w
@x3
þ @
3w
@y@x2
@3w
@y3
 @
3w
@x@y2
 !2
 @
3w
@y@x2
 !224
3
5
9=
;dxdy
ð19Þ
Taking the variation of Ug of Eq. (19) one has
dUg=g2D ¼
Z Z
A
@3w
@x3
 @
3dw
@x3
þ @
3w
@y3
 @
3dw
@y3
þ 3 @
3w
@x@y2
 @
3dw
@x@y2
"
þ3 @
3w
@y@x2
 @
3dw
@y@x2
þ m @
3w
@x@y2
 @
3dw
@x3
þ @
3dw
@x@y2
 @
3w
@x3
 
þ @
3w
@y@x2
 @
3dw
@y3
þ @
3dw
@y@x2
 @
3w
@y3
2 @
3w
@x@y2
 @
3dw
@x@y2
 2 @
3w
@y@x2
 @
3dw
@y@x2
!#
dxdy ð20Þ
The domain integrals of the right hand side of Eq. (20) are reduced
to surface and domain integrals one by one. For example, for the
ﬁrst integral one can observe that
@3w
@x3
@3dw
@x3
¼ @
@x
@3w
@x3
@2dw
@x2
 !
 @
4w
@x4
@2dw
@x2
@4w
@x4
@2dw
@x2
¼ @
@x
@4w
@x4
@dw
@x
 !
 @
5w
@x5
@dw
@x
@5w
@x5
@dw
@x
¼ @
@x
@5w
@x5
dw
 !
 @
6w
@x6
dw
ð21Þ
and thus@3w
@x3
@3dw
@x3
¼ @
@x
@3w
@x3
@2dw
@x2
 !
 @
@x
@4w
@x4
@dw
@x
 !
þ @
@x
@5w
@x5
dw
 !
 @
6w
@x6
dw ð22Þ
Using Stokes theorem for a function F = F(x,y) of the form
Z Z
A
@F
@x
dxdy ¼
Z
S
F cosads ð23Þ
and taking into account the relation (22), one can write the ﬁrst
integral of the right hand side of Eq. (20) as
Z Z
A
@3w
@x3
@3dw
@x3
dxdy ¼
Z
S
@3w
@x3
@2dw
@x2
 @
4w
@x4
@dw
@x
þ @
5w
@x5
dw
 !
cosads

Z Z
A
@6w
@x6
dwdxdy ð24Þ
When changing from the (x,y) system of coordinates to the (n,s)
system, the following relations can be stated:
@
@x
¼ cosa @
@n
 sina @
@s
@2
@x2
¼ cos2 a @
2
@n2
 2 sina cosa @
2
@n@s
þ sin2 a @
2
@s2
ð25Þ
These relations (25) are utilized to express the odw/@x and @2dw/@x2
derivatives in (24) in the (s,n) system and thus the ﬁrst two bound-
ary integrals of Eq. (24) take the form
Z
S
@3w
@x3
cos2 a
@2dw
@n2
 2 sina cosa @
2dw
@n@s
þ sin2 a @
2dw
@s2
 !
cosads

Z
S
@4w
@x4
cosa
@dw
@n
 sina @dw
@s
 
cosads ð26Þ
Finally, boundary integrals in (26) with derivatives @/@s and @2/@s2
are integrated by parts. Thus,
2
Z
S
@3w
@x3
sina cos2 a
@2dw
@n@s
ds ¼  2 @
3w
@x3
sina cos2 a
@dw
@n


þ 2
Z
S
@
@s
@3w
@x3
sina cos2 a
 !
@dw
@n
ds
ð27Þ
Z
S
@3w
@x3
sin2 a cosa
@2dw
@s2
ds ¼ @
3w
@x3
cosa sin2 a
@dw
@s


 @
@s
@3w
@x3
sin2 a cosa
 !
dw


þ
Z
S
@2
@s2
@3w
@x3
sin2 a cosa
 !
dwds
ð28Þ
Z
S
@4w
@x4
sinacosa
@dw
@s
ds¼ @
4w
@x4
sinacosadw



Z
S
@
@s
@4w
@x4
sinacosa
 !
dwds ð29Þ
One can observe that for a smooth boundary, terms with two verti-
cal line segments are zero since the integration is done along the
closed boundary of the plate. Taking this into account as well as
Eqs. (26)–(29) one can rewrite Eq. (24) in the form
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A
@3w
@x3
@3dw
@x3
dxdy ¼
Z
S
@3w
@x3
cos3 a
@2dw
@n2
ds
þ
Z
S
2
@
@s
@3w
@x3
sina cos2 a
 !
 @
4w
@x4
cos2 a
" #
@dw
@n
ds
þ
Z
S
@2
@s2
@3w
@x3
cosa sin2 a
 !"
 @
@s
@4w
@x4
sina cosa
 !
þ @
5w
@x5
cosa
#
dwds

Z Z
A
@6w
@x6
dwdxdy: ð30Þ
Following the same approach, one can also write
Z Z
A
@3w
@y3
@3dw
@y3
dxdy¼
Z
S
@3w
@y3
sin3a
@2dw
@n2
ds
þ
Z
S
2 @
@s
@3w
@y3
cosasin2a
 !"
@
4w
@y4
sin2a
#
@dw
@n
ds
þ
Z
S
@2
@s2
@3w
@y3
sinacos2a
 !
þ
"
@
@s
@4w
@y4
sinacosa
 !
þ@
5w
@y5
sina
#
dwds
Z Z
A
@6w
@y6
dwdxdy
ð31Þ
Z Z
A
@3w
@x@y2
@3dw
@x@y2
dxdy¼
Z
S
@3w
@x@y2
sin2acosa
@2dw
@n2
ds

Z
S
@4w
@x2@y2
"
sin2aþ2 @
@s
@3w
@x@y2
sinacos2a
 !#
@dw
@n
ds
þ
Z
S
@2
@s2
@3w
@x@y2
cos3a
 !"
þ @
@s
@4w
@x2@y2
cosasina
 !
þ @
5w
@x2@y3
sina
#
dwds
Z Z
A
@6w
@x2@y4
dwdxdy
ð32Þ
Z Z
A
@3w
@y@x2
@3dw
@y@x2
dxdy¼
Z
S
@3w
@y@x2
cos2asina
@2dw
@n2
ds

Z
S
@4w
@x2@y2
"
cos2a2 @
@s
@3w
@x2@y
cosasin2a
 !#
@dw
@n
ds
þ
Z
S
@2
@s2
@3w
@y@x2
sin3a
 !"
 @
@s
@4w
@x2@y2
sinacosa
 !
þ @
5w
@y2@x3
cosa
#
dwds
Z Z
A
@6w
@y2@x4
dwdxdy
ð33Þ
with the only difference being that for the computation of Eqs. (32)
and (33) use has been of the combined Stokes theorem of the formZ Z
A
@F
@x
 @H
@y
 
dxdy ¼
Z
S
F cosa H sinað Þds ð34Þ
for two functions F = F(x,y) and H = H(x,y) instead of the simple
Stokes theorem of Eq. (23).
Finally, the integrals with the common factor m in Eq. (20) are
transformed as follows:
I ¼
Z Z
A
@3w
@x@y2
@3dw
@x3
þ @
3dw
@x@y2
@3w
@x3
þ @
3w
@y@x2
@3dw
@y3
þ @
3dw
@y@x2
@3w
@y3
 
2 @
3w
@x@y2
@3dw
@x@y2
 2 @
3w
@y@x2
@3dw
@y@x2
!
dxdy
¼
Z Z
A
@
@x
@2dw
@x@y
@3w
@y3
 @
3w
@y@x2
 !
þ @
2dw
@x2
 @
2dw
@y2
 !
@3w
@x@y2
" #( @
@y
@2dw
@x@y
@3w
@x@y2
 @
3w
@x3
 !
þ @
2dw
@x2
 @
2dw
@y2
 !
@3w
@x2@y
" #)
dxdy
ð35Þ
Use of Eq. (34) in Eq. (35) and subsequent replacement of the (x,y)
system by the (n,s) one in the derivatives of dw results in the
expression
I ¼
Z
S
ðcos2 a sin2 aÞ @
3w
@x@y2
cosa @
3w
@x2@y
sina
 !"
þ sina cosa cosa @
3w
@y3
 @
3w
@x2@y
 ! 
 sina @
3w
@x@y2
 @
3w
@x3
 !!#
@2dw
@n2
ds

Z
S
@
@s
ðcos2 a sin2 aÞ cosa @
3w
@y3
 @
3w
@y@x2
 ! "
 sina @
3w
@x@y2
 @
3w
@x3
 !!
þ4 sina cosa @
3w
@x2@y
sina @
3w
@y2@x
cosa
 !#
@dw
@n
ds

Z
S
@2
@s2
ðcos2 a sin2 aÞ @
3w
@x@y2
cosa @
3w
@x2@y
sina
 !"
þ sina cosa cosa @
3w
@y3
 @
3w
@y@x2
 !
 sina @
3w
@x@y2
 @
3w
@x3
 ! !#
dwds
ð36Þ
Thus, taking into account expressions 30, 31, 32, 33 and (36),
one can rewrite Eq. (20) in the form
dUg=g2D ¼ 
Z Z
A
@6w
@x6
þ @
6w
@y6
þ 3 @
6w
@x2@y4
þ 3 @
6w
@x4@y2
 !
dwdxdy
þ
Z
S
@3w
@x3
cos3 aþ @
3w
@y3
sin3 aþ 3 @
3w
@x@y2
sin2 a cosa
"
þ3 @
3w
@y@x2
cos2 a sinaþ mðcos2 a sin2 aÞ @
3w
@x@y2
cosa
 
 @
3w
@x2@y
sina
!
þ m sina cosa cosa @
3w
@y3
 @
3w
@x2@y
 ! 
 sina @
3w
@x@y2
 @
3w
@x3
 !!#
@2dw
@n2
ds
þ
Z
S
2
@
@s
@3w
@x3
sina cos2 a
 !
 @
4w
@x4
cos2 a
(
2 @
@s
@3w
@y3
cosa sin2 a
 !
 @
4w
@y4
sin2 a 3 @
4w
@x2@y2
sin2 a
6 @
@s
@3w
@x@y2
sina cos2 a
 !
 3 @
4w
@x2@y2
cos2 a
þ6 @
@s
@3w
@x2@y
cosa sin2 a
 !
m @
@s
ðcos2 a sin2 aÞ cosa @
3w
@y3
 @
3w
@y@x2
 ! "
 sina @
3w
@x@y2
 @
3w
@x3
 !!
þ4 sina cosa @
3w
@x2@y
sina @
3w
@y2@x
cosa
 !#)
@dw
@n
ds
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Z
S
@2
@s2
@3w
@x3
cosasin2a
 !
 @
@s
@4w
@x4
sinacosa
 !(
þ@
5w
@x5
cosaþ @
2
@s2
@3w
@y3
sinacos2a
 !
þ @
@s
@4w
@y4
sinacosa
 !
þ@
5w
@y5
sinaþ3 @
2
@s2
@3w
@x@y2
cos3a
 !
þ3 @
@s
@4w
@x2@y2
cosasina
 !
þ3 @
5w
@x2@y3
sina
þ3 @
2
@s2
@3w
@y@x2
sin3a
 !
3 @
@s
@4w
@x2@y2
sinacosa
 !
þ3 @
5w
@y2@x3
cosa @
2
@s2
ðcos2asin2aÞ @
3w
@x@y2
cosa
 "
 @
3w
@x2@y
sina
!
þsinacosa cosa @
3w
@y3
 @
3w
@y@x2
 ! 
sina @
3w
@x@y2
@
3w
@x3
 !!#)
dwds ð37Þ
It is well known from classical theory of plates (Eq. (12)) that
the work conjugate actions to deformations dw (deﬂection) and
@dw/@n (normal rotation or slope) are the total shear force Vn
and the bending moment Mn. In the present purely gradient case
(Eq. (37)) there is an additional deformation of higher order, the
@2dw/@n2 (normal curvature). The work conjugate of this higher-or-
der deformation is a higher-order moment, the double (or dipolar)
bending momentMnn with positive direction on a plate element as
shown in Fig. 4a. Furthermore, the terms which are differentiated
by @2/@s2 in the integrand multiplied by dw in Eq. (37), represent
the expression in terms of derivatives of w of the higher-orderFig. 4. Double or dipolar moments in a plate element in bending: (a) bending
moments; (b) twisting moments.
Fig. 5. Circular plate with radially attached cantilever beams loaded by altern(double or dipolar) twisting moments Mnss with positive direction
on a plate element as shown in Fig. 4b. These moments, of course,
are absorbed in the general expression for the total shear Vn, ex-
actly as the classical twisting moments Mns are absorbed in the to-
tal shear Vn (Eq. (13)). At this point it is interesting to note that
double or dipolar moments at the boundary of a circular plate
can be formed with the aid of cantilever beams lying in the plane
of the plate, attached radially to the plate boundary and loaded
at their free ends by alternating lateral concentrated forces forming
a self equilibrated system, as shown in Fig. 5. Structures of this
type are encountered among living organisms, such as jellyﬁshes,
octopuses or sea anemones, which move in seawater with the
aid of dipolar moment energy. Thus, the variation of the work done
by the external forces for the purely gradient case has the form
dWg ¼ 
Z
S
Mgn
@dw
@n
dsþ
Z
S
Vgndwds
Z
S
Mnn
@2dw
@n2
ds ð38Þ
and the corresponding expression for the principle of virtual work
reads as
dUg ¼ dWg or dUg  dWg ¼ 0 ð39Þ5. Variational formulation for the gradient elastic plate
Because of the linearity of the problem, the variational formula-
tion for the gradient elastic plate can be obtained as a superposi-
tion of those for the classical and the purely gradient elastic
plate presented in the previous two sections. Thus, one can estab-
lish the following variational formulation for the gradient elastic
plate bending problem:
dU  dW ¼ 0 ð40Þ
where
dU ¼ dU þ dUg ; dW ¼ dW þ dWg ð41Þ
with dU and dW given by Eqs. (11) and (12), respectively, and dUg
and dWg given by Eqs. (37) and (38), respectively.
Since Eq. (40) is valid for any values of dw, odw/@n and @2dw/@n2
as long as they are compatible with the constraints of the problem,
one concludes that Eq. (40) is satisﬁed if the following conditions
are satisﬁed:Z Z
A
ðDr4w g2Dr6w qÞdwdxdy ¼ 0 ð42Þ
Z
S
g2D
@3w
@x3
cos3 aþ @
3w
@y3
sin3 aþ 3 @
3w
@x@y2
sin2 a cosa
"(
þ3 @
3w
@y@x2
cos2 a sina
#
þmg2D cos2 a sin2 a
 h @3w
@x@y2
cosa
 
 @
3w
@x2@y
sina
!
þ sina cosa cosa @
3w
@y3
 @
3w
@x2@y
 ! 
sina @
3w
@x@y2
 @
3w
@x3
 !!#
þMnn
)
@2dw
@n2
ds ¼ 0 ð43Þating self-equilibrated forces creating dipolar moments at its boundary.
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S
D
@2w
@x2
þ m @
2w
@y2
 !
cos2 aþ @
2w
@y2
þ m @
2w
@x2
 !
sin2 a
"(
þ2 1 mð Þ @
2w
@x@y
sina cosa
#
þ g2D 2 @
@s
@3w
@x3
sina cos2 a
 !"
 @
4w
@x4
cos2 a 2 @
@s
@3w
@y3
cosa sin2 a
 !
 @
4w
@y4
sin2 a 3 @
4w
@x2@y2
 6 @
@s
@3w
@x@y2
sina cos2 a
 !
þ 6 @
@s
@3w
@x2@y
cosa sin2 a
 !
m @
@s
cos2 a sin2 a
 
cosa
@3w
@y3
 @
3w
@y@x2
 ! "
 sina @
3w
@x@y2
 @
3w
@x3
 !!
þ 4 sina cosa @
3w
@x2@y
sina @
3w
@y2@x
cosa
 !##
þMn
)
@dw
@n
ds ¼ 0 ð44Þ
Z
S
D  @
3w
@x3
þ @
3w
@x@y2
 !
cosa @
3w
@y3
þ @
3w
@y@x2
 !
sina
"(
þ 1 mð Þ @
@s
@2w
@x2
 @
2w
@y2
 ! 
 sina cosaþ @
2w
@x@y
sin2 a cos2 a
 !#
þ g2D @
2
@s2
@3w
@x3
cosa sin2 a
 !"
 @
@s
@4w
@x4
sina cosa
 !
þ @
5w
@x5
cosa
þ @
2
@s2
@3w
@y3
sina cos2 a
 !
þ @
@s
@4w
@y4
sina cosa
 !
þ @
5w
@y5
sina
þ 3 @
2
@s2
@3w
@x@y2
cos3 a
 !
þ 3 @
2
@s2
@3w
@y@x2
sin3 a
 !
þ 3 @
5w
@x2@y3
sina
þ 3 @
5w
@y2@x3
cosa m @
2
@s2
cos2 a sin2 a
 h @3w
@x@y2
cosa @
3w
@x2@y
sina
 !
þ sina cosa cosað @
3w
@y3
 @
3w
@y@x2
 !
 sina @
3w
@x@y2
 @
3w
@x3
 !!##
 Vn
)
dwds ¼ 0 ð45Þ
It is observed that Eq. (42) reduces to the governing equation of
equilibrium (7), while Eqs. (43)–(45) provide all possible boundary
conditions of the gradient elastic plate problem. These boundary
conditions refer to either prescribed boundary deformations
w; @w=@n; @2w=@n2
 
, or prescribed boundary actions (Vn,Mn,Mnn),
or prescribed appropriate combinations of deformations and ac-
tions. For example, for a clamped all around circular plate one
has the classical w = 0 and @w/@n = 0 and the non-classical @2w/
@n2 = 0 orMnn = 0 boundary conditions. Also for a simply supported
all around circular plate one has the classical w = 0 and Mn = 0 and
the non-classical @2w/@n2 = 0 or Mnn = 0 boundary conditions.
More speciﬁcally, consider the case of a straight boundary par-
allel to the y-axis. For this case a = 0, cosa = 1, sina = 0 and s = y
and from Eqs. (43)–(45) one can obtain
Mnn ¼ g2D @
3w
@x3
þ v @
3w
@x@y2
 !
¼ g2 @Mx
@x
ð46ÞMn ¼  D @
2w
@x2
þ v @
2w
@y2
 !
þ g2D @
4w
@x4
þ v @
4w
@y4
þ 3 vð Þ @
4w
@x2@y2
" #
¼ Mx þ 2g2 @
2Mxy
@x@y
ð47ÞVn ¼  D @
3w
@x3
þ 2 vð Þ @
3w
@x@y2
" #
þ g2D @
5w
@x5
þ 3 vð Þ @
5w
@x@y4
þ 3 @
5w
@y2@x3
" #
¼ Vx  g2 @
3My
@x@y2
ð48ÞwhereMx is given by (5)1,Mx;My and Mxy are given by (5) with g = 0
(classical case) and
Vx ¼ Qx þ
@Myx
@y
¼ @Mx
@x
þ 2 @Myx
@y
ð49Þ
with Mx and Myx given by Eq. (5). Analogous expressions can be ob-
tained from Eqs. (43)–(45) for the case of a straight boundary par-
allel to the x -axis. Thus, it appears that the expressions for
moments and shears at straight boundaries parallel to the x- and y
-axes as given by Eq. (5) are not the same with those coming from
the variational theory, i.e., Eqs. (44) and (45). This is because Eq. (5)
were derived without taking into account the effect of higher-order
moments in considering equilibrium. These higher-order moments
have the form g2 @Mx=@x
 
;2g2 @2Mxy=@x@y
 
and  g2 @3My=@x@y2
 
in Eqs. (46)–(48) and come as a result of considering equilibrium of
moments due to double stresses as indicated in Mindlin and Eshel
(1968).
At this point the case of non-smooth boundary points in plates,
such as corners, is investigated. When treating Eqs. (28) and (29),
terms with two vertical line segments were taken to be zero for
smooth boundaries. Terms of this type are created not only during
the treatment of the ﬁrst term of the integrand of Eq. (20) but also
during the treatment of all the remaining terms of the integrand of
that equation as well as the treatment of terms of Eq. (10) in order
to obtain Eq. (11) for the classical case. When the boundary is not
smooth, all these terms are non-zero and form the so-called jump
terms. Collecting all these terms from the classical and non-classi-
cal cases one ends up with the following jump terms, which can be
added in the expression for dU in the variational statement (40):
D  @
2w
@x2
sina cosadw

þ
"
@2w
@y2
sina cosadw


þ m 1ð Þ @
2w
@x@y
sin2 a cos2 a
 
dw


 m @
2w
@x2
 @
2w
@y2
 !
sina cosadw


#
þ g2D @dw
@n
2 @
3w
@x3
sina cos2 aþ 2 @
3w
@y3
sin2 a cosa
 
"
þ6 @
3w
@x@y2
sina cos2 a 6 @
3w
@x2@y
sin2 a cosa
!
þm @dw
@n
ðcos2 a sin2 aÞ @
3w
@y3
 @
3w
@x2@y
 ! " cosa
 @
3w
@x@y2
 @
3w
@x3
 !
sina
!
 4 sina cosa @
3w
@x@y2
cosa @
3w
@x2@y
sina
 !#
þ dw sina cosa @
4w
@x4
 @
4w
@y4
 !

" @@s sina cosa @
3w
@x3
sinaþ @
3w
@y3
cosa
 ! 
3 @
3w
@x@y2
cos3 a 3 @
3w
@x2@y
sin3 a
!#
þ m dw @
@s
sina cosa
@3w
@y3
 @
3w
@x2@y
 !
cosa
 "
 @
3w
@x@y2
 @
3w
@x3
 !
sina
!
 sin2 a cos2 a
 
 @
3w
@x@y2
cosa @
3w
@x2@y
sina
 !#
#
ð50Þ
One can observe that the above expression of the jump terms can be
considered as the sum of two parts associated with @d w/@n and dw.
Thus, the effect of corners can be taken into account by just adding
these two parts in the left hand side of Eqs. (44) and (45),
respectively.
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The results of the previous sections are used here for the deter-
mination of the response of gradient elastic circular plates to static
axisymmetric loading under axisymmetric boundary conditions.
Under these conditions, the lateral deﬂection of the plate
w =w(r), where r is the radial coordinate, while the r2w, r4w
and r6w operators take the form
r2w ¼ 1
r
d
dr
r
dw
dr
 
¼ d
2w
dr2
þ 1
r
dw
dr
r4w ¼ r2 r2w
 
¼ d
4w
dr4
þ 2
r
d3w
dr3
 1
r2
d2w
dr2
þ 1
r3
dw
dr
r6w ¼ r2 r4w
 
¼ 1
r
d
dr
r
d
dr
r4w
 
ð51Þ
Furthermore, all the other response quantities (bending moments
and shear forces) are also functions of only r and read, e.g.,
Mr ¼ 1 g2r2
 
Mr ¼ ð1 g2r2Þ D d
2w
dr2
þ m
r
dw
dr
 !" #
¼ D d
2w
dr2
þ m
r
dw
dr
 !
þ g2D d
4w
dr4
þ 1þ mð Þ
r
d3w
dr3
 m
r2
d2w
dr2
þ m
r3
dw
dr
 !
ð52Þ
Vr ¼ ð1 g2r2Þ D d
3w
dr3
þ 1
r
d2w
dr2
 1
r2
dw
dr
 !" #
ð53Þ
Mrr ¼ g2D d
3w
dr3
þ m
r
d2w
dr2
 m
r2
dw
dr
 !
ð54Þ
The governing Eq. (7) withr4w andr6w given by (51) can also
be written as
Dð1 g2r2Þr4w ¼ q ð55Þ
The general solution of (55) can be obtained as the sum of the solu-
tion wh of the homogeneous part of (55) plus a particular solution
wp of that equation. One can easily prove that
wh ¼ wh1 þwh2
r4wh1 ¼ 0; 1 g2r2wh2 ¼ 0
ð56Þ
The solution wh1 can be found in classical texts (e.g., (Timoshenko
and Woinowsky-Krieger, 1959)) and for a circular plate without a
hole at its center (r = 0) has the form
wh1 ¼ c1 þ c2r2 ð57Þ
where c1 and c2 are constants of integration.
Eq. (56)3 can also be written as
r2
d2wh2
dr2
þ r dwh2
dr
 r
g
 2
wh2 ¼ 0 ð58Þ
indicating that its solution is the modiﬁed Bessel function of the
ﬁrst kind and zero order, i.e.,
wh2 ¼ Ioðr=gÞ ð59Þ
For a constant surface load q = qo over the plate, one can easily ﬁnd
from (55) the particular solution
wp ¼ qor4=64D ð60Þ
Thus, the general solution of Eq. (55) with the aid of Eqs. (56)1,
(57), (59) and (60) can be found to bewðrÞ ¼ c1 þ c2r2 þ c3Ioðr=gÞ þ qor4=64D ð61Þ
where c1, c2 and c3 are constants to be determined by the boundary
conditions.
Two particular cases will be considered in this section: a circu-
lar plate clamped all around and a circular plate simply supported
all around.
6.1. Circular plate of radius a clamped all around
The classical boundary conditions of this problem are
wðr ¼ aÞ ¼ 0; dw=drðr ¼ aÞ ¼ 0 ð62Þ
while the non-classical one is assumed to be
d2w=dr2ðr ¼ aÞ ¼ 0 ð63Þ
a choice which is more physically acceptable than the alternative
Mrr(r = a) = 0. The above boundary conditions imply that the deﬂec-
tion, the slope and the curvature are all zero at the boundary of the
plate. One can also easily observe that these boundary conditions
satisfy all the variational Eqs. (43)–(45).
In view of Eq. (61), one can compute
dw
dr
¼ 2c2r þ ðc3=gÞI1ðr=gÞ þ qor3=16D ð64Þ
d2w
dr2
¼ 2c2 þ ðc3=2g2Þ Ioðr=gÞ þ I2ðr=gÞ½  þ 3qor2=16D ð65Þ
where I1 and I2 are the modiﬁed Bessel functions of the ﬁrst kind
and order 1 and 2, respectively.
Use of boundary conditions (62) and (63) with the aid of Eqs.
(61), (64) and (65) enable one to determine the constants c1, c2
and c3, which read
c1 ¼ qoa
4
64D
10gI1  aðIo þ I2Þ  16ðg2=aÞIo
2gI1  aðIo þ I2Þ
	 

c2 ¼ qoa
2
32D
6gI1  aðIo þ I2Þ
2gI1  aðIo þ I2Þ
	 

c3 ¼ qoa
3
4D
g2
2gI1  aðIo þ I2Þ
	 
 ð66Þ
where the argument of all the modiﬁed Bessel functions is a/g. It is
observed that for g? 0
c1 ¼ qoa4=64D; c2 ¼ qoa2=32D; c3 ¼ 0 ð67Þ
and the classical deﬂection from (61) becomes
wðrÞ ¼ ðqo=64DÞða2  r2Þ2 ð68Þ
which is the same as that in classical texts (Timoshenko and Woi-
nowsky-Krieger, 1959).
With known deﬂection, one can easily compute the bending
momentMr from Eq. (52). Assuming m = 0 for reasons of simplicity,
one has
Mr ¼ Dðd2w=dr2Þ ð69Þ
Mr ¼ Dðd2w=dr2Þ þ g2D d
4w
dr4
þ 1
r
d3w
dr3
 !
ð70Þ
where d2w/dr2 is given by (65) ðd2w=dr2 with g ! 0Þ and d3w/dr3
and d4w/dr4 can be found from (61) to be of the form
d3w
dr3
¼ 3qor
8D
þ ðc3=4g3Þð3I1 þ I3Þ ð71Þ
d4w
dr4
¼ 3qo
8D
þ ðc3=8g4Þð3Io þ 4I2 þ I4Þ ð72Þ
Fig. 6 provides the normalized deﬂection w(r) of the plate ver-
sus the normalized distance r/a for a/g =1 (classical case), a/
g = 10 and a/g = 5. It is observed that the deﬂection w decreases
Fig. 6. Radial distribution of lateral deﬂection w of clamped circular plate under
uniform load for various values of a/g.
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beams and plates (Papargyri-Beskou et al., 2003; Papargyri-Beskou
and Beskos, 2008). Fig. 7 depicts the normalized bending moment
Mr versus the normalized distance r/a for a/g =1 (classical case), a/
g = 10 and a/g = 5. It is observed that the inﬂuence of the micro-
structure is, in general, very small. The gradient effect consists of
slightly decreasing the moment at the center of the plate and
increasing it at its edges. Thus, in conclusion, the gradient effect in-
creases the stiffness of the plate resulting in decreasing deﬂections
at the expense of increasing moments at the edges of the plate.
However, this moment increase is deﬁnitely much smaller than
the beneﬁt of the deﬂection decrease. In other words, the micro-
structural effects consist of decreasing deformations without great
strength demands.Analogous results have been obtained analyti-
cally by Ariman (1968) in connection with circular clamped micro-
polar elastic plates.
6.2. Circular plate of radius a simply supported all around
The classical boundary conditions of this problem are
wðr ¼ aÞ ¼ 0; Mrðr ¼ aÞ ¼ 0 ð73Þ
while the non-classical one is assumed to be
Mrrðr ¼ aÞ ¼ 0 ð74ÞFig. 7. Radial distribution of bending moment Mr of clamped circular plate under
uniform load for various values of a/g.a choice which is more physically acceptable than the alternative
d2w/dr2(r = a) = 0. The above boundary conditions imply that the
deﬂection, the bending moment and the double (dipolar) bending
moment are all zero at the boundary of the plate. One can also eas-
ily observe that these boundary conditions satisfy all the variational
equations (43)–(45).
Use of boundary conditions (73) and (74) with the aid of Eqs.
(61), (64), (65), (71), (72) and (51) enable one to determine the
constants c1, c2 and c3 which read
c1 ¼ qoa
4
64D
 a2c2  Ioc3
c2 ¼ qoð3þ mÞ32Dð1þ mÞ ð4g
2  a2Þ
þ ða3 þ 4ag2mÞIo þ ð6a2g þ 8g3m 2a2gmÞI1

 4ag2mI2 þ 2ð1þ mÞa2gI3 þ a3I4

=8a3g2

c3
c3 ¼ qoa
3g3ð3þ mÞ
2D
1= 2agmIo þ ð3a2  4g2mÞI1 þ 2agmI2 þ a2I3
  
ð75Þ
where I0 ,I1, I2, I3 and I4 are the modiﬁed Bessel functions of the ﬁrst
kind and order 0, 1, 2, 3 and 4, respectively, with argument a/g. It is
observed that for g? 0
c1 ¼ qoa
4
64D
5þ m
1þ m
 
; c2 ¼ qoa
2
32D
3þ m
1þ m
 
; c3 ¼ 0 ð76Þ
and the classical deﬂection from (61) becomes
wðrÞ ¼ qoða
2  r2Þ
64D
5þ m
1þ m
 
a2  r2
	 

ð77Þ
which is the same as that in classical texts (Timoshenko and Woi-
nowsky-Krieger, 1959).
Assuming m = 0 for reasons of simplicity, one can easily compute
bending moments Mr and Mr from Eqs. (69) and (70) for known
deﬂection w.
Fig. 8 shows the normalized deﬂection w(r) of the plate versus
the normalized distance r/a for a/g =1 (classical case), a/g = 10
and a/g = 5. The stiffening effect of the plate due to the microstruc-
tural inﬂuence of its material is again apparent. Fig. 9 displays the
normalized bending momentMr versus the normalized distance r/a
for a/g =1 (classical case), a/g = 10 and a/g = 5. It is again observed
that the gradient effect increases the stiffness of the plate resulting
in decreasing deﬂections and increasing moments for increasing
values of the gradient coefﬁcient.Fig. 8. Radial distribution of lateral deﬂection w of simply supported circular plate
under uniform load for various values of a/g.
Fig. 9. Radial distribution of bending momentMr of simply supported circular plate
under uniform load for various values of a/g.
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7.1. Gradient elastic rectangular plate simply supported all around
Consider a gradient elastic rectangular plate simply supported
at its sides a and b along the x- and y -directions, respectively,
and subjected to a uniformly distributed lateral load qo. This prob-
lem has been ﬁrst analyzed in Papargyri-Beskou and Beskos (2008)
where the gradient effect on the plate deﬂection has been explic-
itly determined. However, the non-classical boundary conditions
were just heuristically assumed for that particular case. In this
work, all possible boundary conditions (classical and non-classical)
are rationally derived with the aid of the variational statement
established here. Thus, in the following, the deﬂection of the plate
is determined again rationally, i.e., so as to satisfy all classical and
non-classical boundary conditions. That way a comparison be-
tween the present results and those of Papargyri-Beskou and Bes-
kos (2008) becomes possible.
For the above plate and in accordance with the classical case
(Timoshenko and Woinowsky-Krieger, 1959), a solution of Eq. (7)
is assumed of the form
wðx; yÞ ¼
X1
m¼1
X1
n¼1
Wmn sin
mpx
a
sin
npy
b
ð78Þ
An investigation is now done to see if all boundary conditions of the
problem are satisﬁed by the above chosen deﬂection.
The classical boundary conditions of the problem read
w ¼ 0; Mx ¼ 0 at x ¼ 0; a
w ¼ 0; My ¼ 0 at y ¼ 0; b
ð79Þ
From Eq. (44) one can obtain expressions for Mx and My along the
sides x = 0,a and y = 0,b in terms of derivatives of w by simply putt-
ing there a = 0 and 90 and s = y and s = x, respectively. Thus, Eq.
(79) can be rewritten as
w ¼ 0; ðwxx þ mwyyÞ þ g2½wxxxx þ mwyyyy þ ð3 mÞwxxyy ¼ 0 at x ¼ 0; a
w ¼ 0; ðwyy þ mwxxÞ þ g2½wyyyy þ mwxxxx þ ð3 mÞwyyxx ¼ 0 at y ¼ 0; b
ð80Þ
where subscripts on w denote differentiation.
The non-classical boundary conditions can be established with
the aid of the variational Eq. (43) and can read either Mnn = 0 or
@2dw/@n2 = 0 at x = 0,a and y = 0,b. From Eq. (43) one can see that
along the plate sides x = 0,a and y = 0,b Mnn is given in terms of
third order derivatives of w. For example, at x = 0,a one has from(46) that Mxx ¼ g2Dðwxxx þ mwxyyÞ. However, in view of the form
of w in Eq. (78), third order derivatives of w cannot become zero
along those sides. Thus, the non-classical boundary conditions of
the problem are taken to be
wxx ¼ 0 at x ¼ 0; a
wyy ¼ 0 at y ¼ 0; b
ð81Þ
In addition, on physical grounds, one has that (Timoshenko and
Woinowsky-Krieger, 1959)
wyy ¼ 0 at x ¼ 0; a
wxx ¼ 0 at y ¼ 0; b
ð82Þ
meaning that the curvature along any side is zero.
Because of the form of w in (78), the conditionsw = 0 at all sides
are automatically satisﬁed. Furthermore, one can observe that even
order derivatives of w with respect to x or y have the same form as
w in (78) and this implies that
wxx ¼ wyy ¼ wxxxx ¼ wyyyy ¼ wxxyy ¼ 0 at x ¼ 0; a
wyy ¼ wxx ¼ wyyyy ¼ wxxxx ¼ wyyxx ¼ 0 at y ¼ 0; b
ð83Þ
In view of (83), one can see that (i) conditions Mx = 0 and My = 0 at
x = 0,a and y = 0,b, respectively, as described in (80) are identically
satisﬁed and (ii) conditions (81) and (82) are also identically satis-
ﬁed. Thus, in conclusion, the expression (78) for w satisﬁes identi-
cally all classical and non-classical boundary conditions. The same
conclusion had also been reached in Papargyri-Beskou and Beskos
(2008), even though by not a rational way as in here. Finally, one
should also observe that the chosen boundary conditions satisfy
all variational Eqs. (43)–(45).
Concerning the plate deﬂection, it has been found in Papargyri-
Beskou and Beskos (2008) that for a square plate with side a and
m = n = 1, the central deﬂection w11 normalized by its classical
counterpart w11 takes the form
w11=w11 ¼ 1=½1þ 2p2ðg=aÞ2 ð84Þ
indicating that, in agreement with the previously examined circular
plates, the deﬂection decreases with increasing values of g/a. This
section goes one step further than (Papargyri-Beskou and Beskos,
2008) by computing the bending moment Mx for a square plate of
side a, in conformity with the work done on circular plates in the
previous section.
The expression for Mx in Eq. (5)1 for w given by Eq. (78) with
b = a becomes
Mx ¼ Dp
2
a2
X1
m¼1
X1
n¼1
m2ð1þ p2ðg=aÞ2ðm2 þ n2ÞÞ
h i
Wmn sin
mpx
a
sin
npy
a
" #
ð85Þ
Thus, for m = n = 1, the moment M11x at the center of the plate nor-
malized by its classical counterpart M11x takes the form
M11x =M
11
x ¼ 1þ 2p2ðg=aÞ2 ð86Þ
The above relation shows that the maximum bending moment
increases for increasing microstructural effects. In conclusion,
microstructural effects consist in decreasing the deﬂection and
increasing the maximum bending moment.
7.2. Gradient elastic rectangular plate with two opposite sides clamped
under cylindrical bending
Consider a gradient elastic plate with its two opposite sides
x = 0 and x = a along the y-direction being clamped under a uni-
formly distributed vertical load q0, which experiences cylindrical
bending, i.e., deformation, which remains the same along the y
direction. Thus, Eq. (7) becomes
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d2w
dx4
 g2Dd
6w
dx6
¼ q0 ð87Þ
with w = w(x) and actually represents the bending deformation of a
plate strip of unit length along the y-direction. The same plate was
ﬁrst analyzed by Ariman (1968) in conjunction with micropolar
elastic material behavior. A similar plate case with one side
clamped and its opposite simply supported had been analyzed by
Ellis and Smith (1967) both analytically and experimentally. Exten-
sion of its analytical results to the present plate case is presented
here. Thus, a comparison among the results of the present gradient
elastic theory and the micropolar elastic and couple-stress theories
is made possible on the basis of this example.
The solution of Eq. (87) is of the form
wðxÞ ¼ c1x3 þ c2x2 þ c3xþ c4 þ c5g2 sinhðx=gÞ
þ c6g2 coshðx=gÞ þ q0x
4
24D
ð88Þ
Taking advantage of symmetry with respect to a vertical axis at the
middle of the span a, one can keep only the even functions in (88),
which reduces to
wðxÞ ¼ c2x2 þ c4 þ c6g2 coshðx=gÞ þ q0x
4
24D
ð89Þ
The classical boundary conditions of the problem are
wða=2Þ ¼ 0; dw
dx
ða=2Þ ¼ 0 ð90Þ
while the non-classical one reads
d2w
dx2
ða=2Þ ¼ 0 ð91Þ
Use of the above boundary conditions permits one to determine
the constants of Eq. (89) in the form
c2 ¼ q0a
2
48D
ach 6gsh
2gsh ach
 
c4 ¼ q0a
3
384D
10gash a2ch 32g2ch
2gsh ach
 
c6 ¼ q0a
3
12D
1
2gsh ach
  ð92Þ
where
sh ¼ sinhða=2gÞ; ch ¼ coshða=2gÞ ð93Þ
The maximum plate deﬂection wgem occurs at the middle of the span
ðwgem ¼ wð0ÞÞ and reads
wgem ¼
q0a
4
384D
Fge ð94Þ
Fge ¼ 10gash chða
2 þ 32g2Þ þ 32g2
að2gsh achÞ ð95Þ
with sh and ch given by (93). It is easy to prove that lim
g!0
Fge ¼ 1 indi-
cating that for g = 0 one recovers from (94) the classical maximum
deﬂection. Furthermore, it is also easy to prove that Fge 6 1 indicat-
ing that the gradient effect consists of stiffening the plate and
reducing its deﬂection.
Ariman (1968) was able to determine the maximum deﬂection
of the plate for the case of micropolar elasticity in the form
wmpm ¼
q0a
4
384D
Fmp ð96Þ
Fmp ¼ chD þ 1
 1
1 24D
jha2
 
þ 24D
jha2
ð97Þ
where h is the thickness of the plate and j and c are material con-
stants of the micropolar theory. Ariman (1968) proved throughnumerical computations that for realistic values of j, c, h and a
one has that Fmp 6 1 and Fmp = 1 for the classical case, i.e., the same
results as in the gradient elastic case.
Ellis and Smith (1967) were able to prove that the governing
equation for the classical case, i.e., Eq. (7) with g = 0, can also
be used for the couple-stress theory case by simply replacing
D by
D ¼ Dþ 4G‘2h ð98Þ
where G is the shear modulus, h the plate thickness and ‘the mate-
rial constant of the couple-stress theory. Thus, one can express the
maximum deﬂection of the plate considered here for the couple-
stress theory case as
wcsm ¼
q0a
4
384D
Fcs ð99Þ
Fcs ¼ D
Dþ 4G‘2h ð100Þ
It is easy to see that Fcs = 1 for the classical case (‘ = 0) and that
Fcs 6 1 indicating that the couple-stress elasticity leads to the same
results as those of gradient elasticity and micropolar elasticity, at
least for the case of the plate considered here.
8. Conclusions
The preceding developments can lead to the following
conclusions:
(1) Plates with an overall geometry comparable to the internal
length scale of the microstructure of their material cannot
be adequately analyzed by the classical elastic theory and
use of higher-order theories becomes necessary. In this
work, the simple gradient elasticity theory with just one
constant (internal length) in addition to the two classical
elastic constants has been utilized.
(2) A variational formulation of the gradient elastic plate bend-
ing problem has been established with the aid of the princi-
ple of virtual work. Using this formulation one can derive
not only the governing equation of the problem but all pos-
sible (classical and non-classical) boundary conditions as
well.
(3) Two circular and two rectangular gradient elastic plates
under static loading have been analyzed analytically on the
basis of the proposed theory. The circular plates were
clamped all around or simply supported all around, while
one of the rectangular plates was simply supported all
around and the other had two opposite sides clamped and
was in cylindrical bending. In all cases the boundary condi-
tions were consistent with the variational principle estab-
lished herein.
(4) The gradient effect, at least for the cases examined here, con-
sists of increasing the ﬂexural stiffness of the plate for
increasing values of the gradient coefﬁcient thus resulting
in decreasing values of the deﬂection. The maximum bend-
ing moments, however, exhibit an increase with increasing
values of the gradient coefﬁcient.These results are in qualita-
tive agreement with those of other higher-order elastic the-
ories (couple-stress, micropolar) and experiments.Acknowledgements
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